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1.1 Statement of the Problems 
Our first problem for investigation concerns the comparison of two different 
procedures for calculating approximations to the periodic solutions of nonlinear 
oscillatory systems using the method of harmonic balance. The first procedure 
employs the second-order differential equation of motion for the system, while 
the second procedure uses the first-order energy relation. The particular system 
considered is the modified Duffing equation; it is given by the expression 
(1.1) x + x3 = 0, 
and has the first integral or energy relationship 
(x)2 x4 
(1.2) U-+_ = B>0, 
where E is the total energy. 
The second problem is related to the existence of so called nonlinear normal 
modes of oscillation in coupled systems of nonlinear oscillator differential equa¬ 
tions. The oscillator system considered is the van der Pol equation. Our task is 
to determine the number and type of nonlinear normal modes for a given set of 
identically coupled oscillators. 
1 
2 
1.2 Summary of Results 
We show that the method of harmonic balance when applied to both the 
differential equation of motion and the energy relation for a given system lead 
to different results in the lowest order. Only the result obtained from the use 
of the equation of motion gives an approximate solution that satisfies exactly 
the initial conditions and, in addition, provides an excellent approximation to 
the angular frequency. A second-order calculation shows that the inclusion of 
higher harmonics in the trial solution (of the harmonic balance method) leads to 
a convergence of the approximate solutions for the two procedures. These results 
axe summarized in a paper1 by Hiamang and Mickens that has been accepted for 
publication. 
We show that nonlinear normal modes can exist in systems of identically 
coupled van der Pol oscillators. In particular, only two possible modes can occur. 
These modes correspond to either all the oscillators being in phase or to a number 
of additional asymmetric modes where some of the oscillators axe in phase and 
others are out of phase. The particular type of behavior turns out to depend on 
the nature of the coupling between the oscillators. 
1.3 Outline of Thesis 
Chapter Two begins with a brief summary of the method of harmonic bal¬ 
ance. In turn, it is used to calculate first- and second-order estimates of the 
3 
periodic solutions to Eqs. (1.1) and (1.2). The Chapter ends with a detailed 
comparison of these results. 
In Chapter Three, we provide a definition of linear normal modes and use 
this to introduce the concept of nonlinear normal modes for systems of nonlinear 
coupled oscillators. We then investigate the types of nonlinear normal modes 
that can occur for a system of coupled van der Pol oscillators. 
Finally, in Chapter Four, we present additional comments on our results and 




The method of harmonic balance is a technique used to calculate analytic 
approximations to the periodic solutions of ordinary differential equations.2,3 In 
particular, this method can be applied to problems involving nonlinear oscilla¬ 
tions in mechanical and electrical systems4, control theory5, and other related 
dynamical systems.6 In recent years, the method has been generalized to include 
both rational representations3 and multi-timescales.7 
The harmonic balance procedure consists in assuming that the periodic func¬ 
tion x(t) and its first two derivatives can be adequately represented by a trun¬ 
cated Fourier series. The paper of Mickens2 gives conditions that the differential 
equations must satisfy in order for the method of harmonic balance to apply. In 
the lowest order of approximation, an assumed solution 
(2.1) x(t) — Acosuit, 
where A and u are a priori unknown, is substituted into the nonlinear differential 
equation 
(2.2) F(x, x, x, t) = 0. 
4 
5 
After suitable mathematical manipulation, the following result is obtained 
(2.3) cosut + f2(A,u) smut + (higher harmonics) = 0, 
where fi(A,u) and f2(A,u) are known functions of the amplitude A and the an¬ 
gular frequency u. The basis of the method is to now ignore the higher harmonics 
and set the coefficients of cos ut and sinwt equal to zero, i.e., 
(2.4) fi(A,u) = 0, h(A, u>)=0. 
Note that for conservative systems, f2(A,u) does not occur and there is only one 
equation to be solved. It gives the angular frequency in terms of the amplitude, 
i.e., u — u{A). For non-conservative systems, there are two equations to be 
solved for A and u. These values correspond to the limit-cycle amplitudes and 
angular frequencies of the system.4,8 
In this Chapter, we consider a modified Duffing equation,3,4,8 
(2.5) x + r3 = 0. 
Its first integral or energy relation is9 
(2-6) = 
where E is the constant total energy. Our purpose is to examine in detail the 
application of the method of harmonic balance to both Eqs. (2.5) and (2.6). The 
6 
reason we do this is to determine which equation should be used to calculate low 
order harmonic balance approximations to the periodic solutions of the Duffing 
differential equation. 
2.2 Equation of Motion Procedure 
The following initial conditions axe selected for the Duffing equation 
(2.7) x(0) = x0, x(0) = 0. 
The first-order harmonic balance method takes, for the approximation to the 
periodic solution, the form 
(2.8) x(t) = A cos 0, 0 = ut. 
Substitution of Eq. (2.8) into Eq. (2.5) gives 
3 A2 
(2.9) -u2 + A cos 0 + HOH = 0, 
where HOH = higher-order harmonics. Setting the coefficient of the lowest 
harmonic equal to zero gives 
(2.10) 
Consequently, if this result is substituted into Eq. (2.8) and if the initial condi¬ 
tions of Eq. (2.7) Eire imposed, then the first-order harmonic balance solution to 
the Duffing equation is 
(2.11) x(t) = Xo cos 
7 
For a second-order approximation, one assumes that x(t) takes the form2 
(2.12) x(t) = A cos 6 + B cos 30, 8 = u>t 
where ( A, B,u>) are, respectively, the two amplitudes and the angular frequency. 
Substitution of Eq. (2.12) into Eq. (2.5) gives 
(2.13) fi(A,B,u) cos 6 + /2(A) B,u>) COS 30 + HOH = 0, 
where 












Define y to be 
(2.16) 
Then solving 
(2.17) fi(A,B,u>) = fi(A, yA,u>) = 0, 
for u gives 
(2.18) u>=^A[l + y + 2y2}1/2. 
If this value for u> is now substituted into 
(2.19) h(A,B,ui) = h(A, yA,w) = 0, 
8 
and after some algebraic manipulation, we obtain the following equation for y 
(2.20) 51t/3 + 27y2 + 2ly - 1 = 0. 
The small real solution of this equation is 
(2.21) y = 0.045. 
Note that Eq. (2.5) has an exact solution in terms of the Jacobi elliptic 
cosine function.4 A Fourier expansion of this exact solution gives the ratio of the 
amplitudes of the cos 30 and cos# terms to be 0.0450778. This result shows that 
our second-order equation of motion harmonic balance calculation provides an 
excellent approximation to the Duffing equation. 
The Eq. (2.12) can be written as 
(2.22) x(t) = A[cos 0 + y cos 3#], 6 = wt. 
The initial condition, x(0) = x<), gives 
(2.23) x0 = A(1 + y), 
or 
<2-24> = TTÏ = OS = °'957x"' 
Likewise, putting this result into Eq. (2.18) gives 
(2.25) u = 0.869XQ. 
9 
Consequently, the second-order harmonic balance solution to the Duffing equa¬ 




x{t) = O.957xo[cos0 + 0.045 cos 30], 
6 = (0.869x0)t. 
2.3 Energy Equation Procedure 
The energy constant, E, can be expressed in terms of the initial conditions 
of Eq. (2.7). Doing this gives 
(2.28) 
_ xg 
•E = f’ 
and the energy relation of Eq. (2.6) becomes 
(2.29) (*)' 
2 + 4 4 
For the first harmonic balance approximation, we take x(t) again to be of the 
form 
(2.30) x(t) = A cos 0, 0 — ut. 
Substitution of this result into Eq. (2.29) gives1 
A2u2 3^41 
4 + 32 
+ 
A2u2 A4 




cos20 + HOH = (2.31) 
10 
Note that in order to determine A and u in terms of the initial condition xo, 
both the “constant” and cos 29 terms must be retained in Eq. (2.31). Setting the 
coefficients of these terms to zero gives 
(2.32) u>2 + 
3 A2 
8 
(2.33) = 0. 
From the last equation it follows that, provided A ^ 0, 
(2.34) 
A 
Substitution of this result into Eq. (2.32) and solving for A gives 
/g\*/* 
(2.35) A = M z0. 
Thus the angular frequency is 




The further substitution of Eqs. (2.35) and (2.36) into Eq. (2.30) gives 
(2.37) 
1/4 




(2.38) z(t) = 1.034ZQ cos(0.731zoO 
11 
The second-order harmonic balance approximation is taken as 
(2.39) x(t) = A[cos 0 + y A cos 30], 0 = ut. 
By making use of the relations 
(2.40) sin2 0 = (1 — cos 20), 
(2.41) sin30sin0= (cos 20 — cos 40), 
the substitution of Eq. (2.39) into Eq. (2.29) gives 





9i(A,y,u)= (^-£-J(l + 9y2) 
+ (^)(3 + 4y + 12y2+3y4)_^’ 
92(A,y,u) = ~^~^“)(1 -Qy) + + 3y + 3y2 + 3y3), 
g3(A,y,u}) = 
+ 12V + 6V2 + 12V3)- 
Setting g^A, y, u>) = 0 and g3(A, y,u>) = 0 and dividing gives an equation for y; 
it is 
(2.46) 144y4 + 96y3 + 138y2 + 18y - 1 = 0. 
12 
The solution that we seek has the value 
(2.47) y = 0.042 
Likewise setting g2(A,y,u>) = 0 and solving for u> gives 
(2.48) u = 0.870A 
The substitution of Eqs. (2.47) and (2.48) into the equation gi(A,y,u) = 0 and 
solving for A in terms of x0 gives 
(2.49) A = 0.962xo. 
Putting all of these results together allows a determination of UJ and x(t). 
They axe given by the expressions 
(2.50) UJ = 0.837xo, 
(2.51) x(t) = (O.962xo)[cos0 + 0.042 cos 30], 
where 
(2.52) 9 = u}t = (0.837x0)t 
The results given by Eqs. (2.51) and (2.52) are the second-order approxima¬ 




For purposes of discussion, the first- and second-order harmonic balance 
solutions obtained using the equation of motion procedure will be denoted, re- 
spectively, by 
Zje^(<) and 
Likewise, the corresponding solutions constructed from the energy relation will 
be denoted by 
x[ER\t) and x2 
ER\t). 
For convenience, these expressions will be listed together. They are 
(2.53a) x\eq\t) = x0 cos(w|e?^), 
(2.53b) u[eq^ = 0.866xo; 




eq) = 0.869x0 ; 
(2.55a) XjER\t) = 1.034xo cos(u>\ER\), 
(2.55b) u[ER) = 0.731x0; 
14 
(2.56a) x 2ER\i) — 0.962xo[cos(u4£'R^) + 0.042 cos(3u4£'J'^t)], 
(2.56b) u[ER) = 0.837xo • 
The following issues axe of importance in the comparison of these two pro¬ 
cedures: 
(1) The angular frequencies determined by the first-order calculations differ 
from each other by about 15%; see Eqs. (2.53b) and (2.55b). Since, from other 
considerations2 it is known that is an accurate representation of the true 
angular frequency, we conclude that is not very accurately determined. 
/ rm 
(2) The second-order calculation for u2 1 does move its value in the right 
direction. However, it still differs from u2e9^ by roughly 4%. Note that u>[eq^ and 
u2
e9^ are essentially the same; they differ from each other by 0.3%. 
(3) The solutions determined by use of the equation of motion satisfy exactly 
the initial conditions given by Eq. (2.7), i.e., 
(2.57) xje?)(0) = x0, xS
eî)(0) = 0, (i = 1,2). 
However, this is not the case for the solutions constructed using the energy 
relation. In fact, we have 
(2.58) Xj£?K)(0) = 1.034xo, x^fi)(0) = 0, 
(ER) (2.59) x^R)(0) = 1.002x0, (0) = 0, 
15 
Note that the violation of the initial condition decreases rapidly in going from 
the first- to the second-approximation. 
Based on the above results, it can be concluded that the equation of motion 
procedure is the more accurate technique for calculating good approximations 
to the periodic solutions of oscillatory problems using the method of harmonic 
balance.1 
CHAPTER THREE 
NONLINEAR NORMAL MODES 
3.1 Linear Normal Modes 
A system of N coupled linear oscillators can be represented by the following 
matrix differential equation9,10,11 
(3.1) Mx + Kx = 0, 
where M and K are N x N matrices, and x is an N x 1 vector i.e., 
(3.2) 
/ xx(t) \ 
X2{t) 
\xN(t)J 
Solutions for which all the x,(t) have the same angular frequency axe called 
(linear) normal modes. The only differences among the various components, 
Xi(t), are those that relate to the magnitude of the amplitude and its phase. 
Thus, for normal mode behavior, the solutions to Eq. (3.1) take the form 
(3.3) Xi(t) = a{e
iut, (i = 1,2,..., AT). 
The major reasons why normal mode solutions can exist for the system given 
by Eq. (3.1), is that these equations obey the principle of superposition,9,11 i.e., 
if Xi(t) and x2(t) axe solutions to Eq. (3.1), then 
(3.4) x(f) = c1xi(f) + c2x2(t), 
16 
17 
is also a solution where c\ and c2 axe arbitrary constants. Since nonlinear systems 
of coupled oscillators 
(3.5) Ax = F(x), 
(where A is an N x N constant matrix, x is given by Eq. (3.2) and F(x) is an 
N x 1 column matrix with components that are nonlinear functions of x) do 
not satisfy this principle, we might not expect nonlinear normal modes to occur. 
However, this is not the case. As discussed in the next section, under certain 
conditions “normal modes” can exist for nonlinear systems. Particular systems of 
importance where a linear analysis of the oscillatory motions are needed include 
the (infrared) vibrations of polyatomic molecules10 and a variety of vibration 
problems that arise in both mechanical and electrical engineering.11 
In this Chapter, we give a brief and exploratory discussion of the subject of 
nonlinear normal modes. 
3.2 Nonlinear Normal Modes 
The introduction of the concept of nonlinear normal modes is usually at¬ 
tributed to R. M. Rosenberg.12 Since that time a large number of researchers 
have studied this phenomena.13-17 These studies include coupled conservative13, 
relaxation14 and limit-cycle15, and singular15,17 oscillators. For our purposes, 
we will consider the system, given by Eq. (3.5), to have nonlinear normal modes 
18 
if there exist particular or special solutions such that 
*j(0 _ r 
*i(t) 
where the Cii are non-zero constants. 
The study of nonlinear normal modes is important because they often rep¬ 
resent states that the system approach after a long interval of time since the 
preparation of the initial state. In other words, the stable nonlinear normal 
modes are asymptotic (t —> oo) in time attractor states for the system. Both 
analytic13,15 and numerical14,16,17 studies indicate this to be the case. 
3.3 Symmetrically Coupled Nonlinear Oscillators 
We consider two identical van der Pol oscillators4,8 that are symmetrically 
coupled to each other. For the first case, we assume that the coupling is linear. 
The equations of motion are 
(3.7a) x + x — e(l — x2)x = ay, 
(3.7b) ÿ + y - e(l - y2)ÿ = ax, 
where a is a constant, and e is positive. Note that there exists two nonlinear 
normal mode solutions. They correspond to the symmetric mode 
(3.8) x(() = y(t) = S,(t), 
19 
and the asymmetric mode 
(3.9) x(t) = -y(t) = Ai(<). 
These special solutions satisfy the following equations 
(3.10) Si + (1 - a)Si = c(l - Sf)Si, 
(3.11) À\ + (1 + a)A\ = e(l — A\)Ài. 
Inspection of Eqs. (3.10) and (3.11) shows that both modes are solutions to van 
der Pol type differential equations.4’8 However, they both have different angular 
frequencies and amplitudes for their limit-cycle periodic solutions. Note also 
that if the magnitude of the coupling is large enough, then one of the oscillations 
will be extinguished. The particular one that disappears depends on the sign of 
a. 
Now consider a second example of two coupled van der Pol oscillators where 
the coupling is cubic. For this case, we have 
(3.12a) x + x — e(l — x2)x = f3(x2 + y2)x, 
(3.12b) ÿ + y-e(l - y2)ÿ =/3(x2 + y2)y, 
where f3 is constant. Note that there are again two nonlinear normal modes, one 
symmetric and the other asymmetric, i.e., 
(3.13) x(0 = y(t) = S3(t), 
20 
(3.14) x(t) = -y(t) = A3(t). 
However, both modes now satisfy the same van der Pol differential equation, 
namely, 
(3.15) z + z — e(l — z2)z = 2flz3, 
where z(t) can be either S3(t) or A3(t). Consequently, the symmetric and asym¬ 
metric normal modes have the same angular frequency and amplitude for their 
periodic motions. 
What the above results show is that it will be difficult to derive general 
behavior for nonlinear normal modes since their existence seems to depend upon 
the specific coupling scheme between the oscillators. It should also be indicated 
that analytic approximations to the solutions of the above equations can be 
obtained by use of the method of harmonic balance.2,15 
Finally, it should be pointed out that for either of the above two coupled 
systems, i.e., Eqs. (3.7) or Eqs. (3.12), the particular nonlinear normal mode 
that the system ends up in will depend on where in phase-space the initial con¬ 
ditions are selected. This is one of the important features of nonlinear dynamical 
systems19, i.e., stable orbits have basins of attractions. Consequently different 




4.1 Harmonic Balance 
Our work in Chapter Two showed that in the application of the method of 
harmonic balance, the equation of motion procedure used in lowest order provides 
a much better analytic approximation to the actual periodic solutions than the 
energy relation procedure. While our specific calculations were concerned with 
the modified Duffing differential equation, there is no difficulty, in principle, in 
applying these methods to any ordinary differential equation that has periodic 
solutions. Hence, the conclusions that were reached for the Duffing equation 
equally hold for the general case. 
A major difference between the equation of motion and energy relation pro¬ 
cedures is that the approximation solutions of the former satisfy exactly the 
initial conditions, while the approximate solutions of the latter method does not 
have this property. On general grounds, we expect that in the limit of talcing 
the harmonic balance procedure to arbitrary large orders that the two methods 
would give the same result. This must be true since both the equation of motion 
and the energy relation are in fact the same equation.8’9 
Finally, in practice, one generally wants to calculate only to the first- or 
second-order. The reasons for this requirement axe that the algebra becomes 
21 
22 
very complicated for third- and higher-orders, and, more importantly, all the 
“useful physics” and their consequences generally show up in the lowest order of 
calculation. 
4.2 Nonlinear Normal Modes 
It would be of great physical and mathematical value to have general the¬ 
orems on the existence of nonlinear normal modes for coupled systems of oscil¬ 
lators. We expect this to be a difficult task if such results axe expected from an 
arbitrary system of nonlinear oscillators. However, it may not be unreasonable 
to find theorems for special classes of coupled oscillators. 
Our brief report, given in Chapter Three, was for two cases of identical os¬ 
cillators that were coupled in a symmetric manner. This is the simplest situation 
to consider and both symmetric and asymmetric nonlinear normal modes are 
expected to appear. It might be interesting to investigate the possibility that 
nonlinear normal modes can exist in non-identical oscillators for which the cou¬ 
pling is asymmetric. There are a number of problems in the biological sciences 
that can be modeled in this way.20 
4.3 Extensions of Research 
The issues considered in this thesis can be extended and generalized in sev¬ 
eral directions. The following is a possible list of how this research can be ex- 
23 
tended: 
(1) Investigate the use of generalized harmonic balance for the modified 
Duffing equation. For example, the second-order approximation would be of the 
form3 
(4.1) x(t) = 
A cos 6 
1 + B cos 29 ’ 
6 = ut. 
This expression, in a limited way, incorporates the effects of all the harmonics. 
The question to be answered is whether this form provides a better representation 
for the periodic solution using the energy relation technique than that given in 
Chapter Two, namely, 
(4.2) x(t) = A cos 9 + Ay cos 39, 9 = u>t. 
(2) Construct a set of procedures for determining (easily) the stability prop¬ 
erties of a given nonlinear normal mode. 
(3) Investigate, using both analytical and numerical techniques, the basins of 
attractions for the nonlinear normal modes of two coupled van der Pol oscillators. 
In particular, find the major differences between the cases of symmetric linear 
and cubic couplings. 
24 
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